Abstract. We offer some new results on some partition functions in which even parts do not repeat. In particular, we show certain partition functions in this category are lacunary.
Introduction and Main Results
Let l(n, m) denote the number of partitions of n in which even parts do not repeat with m even parts. It is well-known that l(n, m) has the generating function (1) (−zq 2 ; q 2 ) ∞ (q;
where we have employed standard notation [9] (a; q) n := (1 − a)(1 − aq) · · · (1 − aq n−1 ), lim n→∞ (a; q) n = (a; q) ∞ := ∞ n=0
(1 − aq n ).
The partition function l(n, m) has appeared in numerous studies of wellknown q-series identities: a q-series identity due to Lebesgue [3] , Andrews'
[2] study of some identities of Gauss, and many others. One such q-series identity is given by
which, by taking z = −1 in (1), can be paraphrased to give the interesting partition theorem [1] :
Let l e (n) (resp. l o (n)) be the number of partitions of n in which even parts do not repeat with an even (resp. odd) number of even parts. Then
In this note we offer some further results involving partition functions where even parts do not repeat. Furthermore, given that the right hand side of (2) is a quadratic form, it is natural to ask whether there are similar results for such partitions with weights that are lacunary. In this context, we show that a certain partition function can be represented by indefinite quadratic forms to establish its lacunarity.
Let h e (n) (resp. h o (n)) be the number of partitions of n in which even parts do not repeat, all parts less than twice the number of ones, where the even plus odd number of parts is even (resp. odd). Then
Furthermore, we have that
We would like to note that the partition function mentioned in Theorem 1.2 is the same partition function generated by
with a weight function attached. The q-series (4) has appeared in [4] , and is also found in Ramanujan's lost notebook [7] . Theorem 1.3. Let δ(n) be the number of partitions of n where even parts do not repeat, odd parts are ≥ the number of ones, even parts are all < the number of ones, and all parts are less than twice the number of ones. Let δ o (n) (resp. δ e (n)) be the partitions counted by δ(n), where the even plus odd number of parts is odd (resp. even). Moreover, let d o (n) be the number of odd divisors of n. Then
Proof of Theorems
To prove our main theorems we require the Bailey lemma [8] , and some known Bailey pairs. The generating functions for the partition functions considered in the first section will follow directly from the q-series identities we obtain from this lemma.
We define a pair of sequences (α n , β n ) to be a Bailey pair with respect to a if (6) β n = n r=0 α n (aq; q) n+r (q; q) n−r .
The following is Bailey's lemma which utilizes this definition of (α n , β n ).
Lemma 2.1. If (α n , β n ) form a Bailey pair with respect to a then
Proof of Theorem 1.1. First recall [6] that (α n , β n ) forms a Bailey pair with respect to q 2 with
Now inserting this pair in (6) with z = q, and y = −q gives
Replacing q with −q, and mutliplying both sides by q on both sides leaves us with the series on the right side as
Here q n+1 generates ones, and the factor
generates a partition where even parts do not repeat, largest part odd, and weighted by −1 raised to the number of even parts plus the number of odd parts. Now multiplying both sides by q n+1 and noticing that all parts are less than twice the number of ones gives the desired generating function. Lastly, we use the right hand side of (7) to employ the estimate that is found in [10, Theorem 3] .
Proof of Theorem 1.3. We shall require the pair (α n ,β n ) with respect to 1 (see [5] ) where
and
Insterting this pair in (6), setting y = −1, differentiating with respect to z, and setting z = 1 gives
where we have invoked the identity
, which generates a partition where even parts are < n and do not repeat, and parts greater than or equal to n are odd. Now multiplying by q n gives a partition with the same conditions, but with additional condition that all parts are < twice the number of ones. Now replacing q with −q in (9) gives the same partition described but with weight −1 raised to the number of odd parts plus the number of even parts. The asymptotic estimate now follows in the same manner as in the previous proof. Finally, after noting that ∞ n=1 q 2n−1 1 + q 2n−1 is the generating function for (−1) n−1 d o (n), we obtain the desired result.
Conclusion
Here we obtained some further results concerning lacunarity of partitions in which even parts do not repeat. It is to be expected that there are some further, perhaps more complicated, results that fall into this category. It is our hope that the results contained herein will stimulate further research on q-series related to those found in [7] .
